
A very interesting example of Fedor Nazarov relatedto the complex interpolation of compact operators.Michael Cwikel1. IntroductionThis informal document reports on and discusses a remarkable new example,discovered recently by Fedor Nazarov, which relates to attempts to answer thefollowing two questions about interpolation of compact operators by Calder�on'scomplex interpolation method which have been open for some forty years.Question 1: Suppose that A0 and A1 are compatible Banach spaces, i.e., theyform a Banach pair, and that so are B0 and B1. Suppose that T : A0 + A1 !B0 + B1 is a linear operator such that T : A0 ! B0 compactly and T : A1 ! B1boundedly. Does it follow that T : [A0; A1]� ! [B0; B1]� compactly for each � 2(0; 1) ?Question 2: Same as Question 1, but under the stronger hypothesis that T :A1 ! B1 is also compact.These old questions were posed and discussed yet again, by myself in Oberwolfachlast August. See page 2111 of the report [CN0] from that meeting. In my talk Ialso formulated a new question, which is labelled as Question 4 on page 2112 of[CN0] and is also restated below in Subsection 5.1. An a�rmative answer for thisnew question would have implied an a�rmative answer to one version (Question2) of the original Calder�on question. However Fedja's very ingenious example nowshows that the answer to Question 4 of [CN0] is no.A detailed explanation of why an a�rmative answer to Question 4 would havebeen su�cient to imply an a�rmative answer to Question 2 can be found in the\pre-preprint" [CN1]. In [CN1] Question 4 and the variant of it for the special casewhen  (") = "r , are reformulated in somewhat more elaborate ways and referred toas Question Y1 and Question Y2. (See the �rst section of [CN1].) Fedja's exampleshows (as will be explained in detail below in Section 3) that the answers to boththese questions are also no.Question 4 of [CN0] and Questions Y1 and Y2 of [CN1] can all be consideredas \quantitative" versions of the following weaker and rather more \qualitative"question which is closely related to another question which is formulated on page362 of [CKM] (where, sorry about the confusion, it also bears the label \Question2").Question Q: Suppose that, for each � 2 [0; 2�) we are given a subsetM (ei�) of the unit ball of `1. De�ne the setM (0) to consist of all elements� = f�ngn2Nof `1 which are of the form ffn(0)gn2Nfor some sequence offunctions fn which are continuous on the closed unit disk and analyticin its interior and for which �fn(ei�)	n2N2 M (ei�) for each � 2 [0; 2�).If M (ei�) is compact for every � 2 [0; 2�), does it follow that M (0) iscontained in a compact subset of `1?Using arguments similar to those given in [CKM], it can be shown that an af-�rmative answer to Question Q would also su�ce to imply an a�rmative answerto Question 2 on page 2111 of [CN0]. Furthermore this would also follow from ana�rmative answer to a special case of Question Q, in the case where one makes1



2the additional assumption that the sets M (ei�) are \uniformly compact" on [0; 2�),i.e., that for each " > 0 there exists an integer N (") such that, for each � 2 [0; 2�),the set M (ei�) is contained in the union of N (") balls in `1 of radius ".It will be convenient sometimes to use the notation N�("; A), where " > 0 andA is a subset of a metric space (usually `1 for us), for the "-covering number ofA. I.e., N�("; A) is the smallest integer q such that A is contained in the union ofq open balls of radius " in the metric space (i.e., `1), and N�("; A) = 1 if no suchinteger exists.A negative answer to Question Q would, like Fedja's recent example, still not besu�cient to give a negative answer to the original classical questions, i.e., Questions1 and 2 of [CN0].Fedja's example provides us, apparently for the �rst time, with \partial evi-dence" that the answer to Question Q and to questions similar to it, might beno. Fedja shows that, for each " > 0, there exists an integer N = N (") and afamily �M (ei�)	�2[0;2�) of subsets of `1 each of which satisfy N�(";M (ei�)) � N ,and such that the set M (0) de�ned by the procedure speci�ed in Question Q, isnevertheless not contained in any compact subset of `1.It should be stressed that the particular sets M (ei�) constructed via Fedja'sexample depend on the particular choice of " and probably N�("0;M (ei�)) is not�nite for su�ciently small positive "0 < ". Nevertheless, it now begins to seemconceivable that ideas connected to Fedja's new example might perhaps ultimatelyprovide tools for giving a negative answer to Question Q and the related Question2 of [CKM] p. 362. Then that might perhaps be the �rst step to �nding a negativeanswer to Question 1 or Question 2 of [CN0].So, for several reasons, it now seems rather natural (but by no means easy) totry to resolve Question Q of [CKM]. We will make some very preliminary commentsabout attempts to do that in Section 4.2. The details of Fedja's exampleThe �rst ingredient is the following essentially classical estimate for trigonometricseries.Lemma 1. There exists an absolute constant C1 such that����� KXk=1 sin kxk ����� � C1 for all K 2 N and all x 2 R:For the reader's convenience we provide a proof of this lemma below in an ap-pendix (Subsection 5.2).Let us set 
(m; z) = zm and 
k(m; z) = 
(m; zk) = zkm for each z 2 C and eachk and m in N. Then, for each �xed z 2 C and each �xed k 2 N we de�ne the se-quences 
(z) = f
(m; z)gm2N= fzmgm2Nand 
k(z) = 
(zk) = �
(m; zk)	m2N=�zkm	m2N. These are of course elements of B`1 for each z 2 D and each k 2 N.



3Let us �x a (very small) positive number ". After doing this we choose a numberK 2 N which is su�ciently large so that2C1PKk=1 1k < "2 :(1)(This implies that we have, approximately, that lnK > 4C1=", i.e., K can beapproximately e4C1=".)Clearly, for some �xed integer � 2 N, depending only on ", we can �nd a �nitecollection f�1; �2; ::; ��g of elements in Tsuch that, for each ! 2 Tthere exists atleast one j = j(!) 2 f1; 2; :::; �g such thatmaxk=1;2;:::;K ���kj � !k�� < "2 :(2)For possible later use, let us indicate more speci�cally how this can be done. First wechoose � to the smallest integer such that � � 4�K=". Then we choose �j = e2�ij=�for j = 1; 2; ::::; �. Then, given ! 2 T, we choose � 2 [0; 2�) such that ! = ei�and then j = j(!) 2 f1; 2; :::; �g such that 2�(j � 1)=� � � � 2�j=�.To show that (2) holds for these choices, we �rst observe that j�j � !j � j�j � �j�1j �2�� � "2K . Consequently, for each k 2 N, since �kj �!k = (�j � !)Pk�1j=0 �k�1�jj !j,we have ���kj � !k�� � j�j � !jPk�1j=0 ����k�1�jj !j��� � "2Kk. So (2) indeed is satis�ed.From here onwards it will be convenient to use the notation MK = PKk=1 1k . Forj = 1; 2; :::; �, de�ne the functions, uj : D ! B`1 by uj(z) = 1MK PKk=1 �kjk 
(zk).Clearly each component of each uj(z) is an analytic polynomial in z. Furthermore,for each �xed z 2 Tand each n 2 N, there exists some j = j(z�n) 2 f1; 2; :::; �gsuch that maxk=1;2;:::;K ���kj � z�kn�� < "2 .(Note that as z varies, each point �j(z�n) is approximately equal to z�n i.e., thepoints �j(z�n) therefore also the points uj(z�n)(z) depend on z in a very \NON-ANALYTIC" way. This is apparently one of the key properties which enables thisexample to have its at �rst sight surprising behaviour.)For each n 2 N, we de�ne the function gn : T!B`1 by gn(z) = 1MK PKk=1 z�knk 
(zk).These functions gn do not have analytic extensions to D . But, by our de�nition ofj(z�n), we see that, for each �xed z 2Tand n 2 N, we have

gn(z) � uj(z�n)(z)

`1 � 1MK KXk=1 j�k;j � z�knjk 


(zk)

`1 < "2 :(3)Next, for each n 2 N we de�ne the sequence �n(z) = �zjm�nj	m2N. Then wede�ne the function fn : D !B`1 by fn(z) = 1MK PKk=1 1k�n(zk). Each componentof each of these functions is of course an analytic polynomial in z.For each z 2Tand each n 2 N we havefn(z) � gn(z) = 1MK KXk=1 �n(zk)� z�kn
(zk)k :Ifm � n then themth component of the sequence fn(z)�gn(z) is 1MK PKk=1 zk(n�m) �z�knzkmkwhich equals 1MK PKk=1 2i sin kxk where zn�m = eix. In view of Lemma 1 and (1) this



4sum has absolute value not exceeding 2C1MK < "=2. If m > n then the mth compo-nent of the sequence fn(z)�gn(z) is simply 1MK PKk=1 zk(m�n) �z�knzkmk = 0. Fromthese remarks, and from (3), we see that, for each z 2Tand each n 2 N,minj=1;2;:::;�kfn(z)� uj(z)k`1 < ":(4)Thus, for each �xed z 2 T, the set ffn(z) : n 2 Ng is contained in the union of� balls in `1, each of radius not exceeding ".On the other hand, at z = 0, we need in�nitely many open balls in `1 of radius1=2 to contain the set ffn(0) : n 2 Ng. This is because, at z = 0, the sequencefn(0) equals en, i.e., it is the sequence which has nth component equal to 1 and allother components equal to 0.Remark 2. As we have seen, the integer � depends only on ", and we can, forexample, suppose that � � 4�K="+1 where K is approximately e4C1=". For reasonswhich will be elaborated later, in Subsection 4.2, also for each "0 > " we would liketo be able control the size of N� ("0; ffn(0) : n 2 Ng), i.e., the number of balls ofradius "0 needed to cover this same set ffn(0) : n 2 Ng. It would be very interestingif N� ("0; ffn(0) : n 2 Ng) could be bounded by a number depending only on "0, i.e.,if it did not increase as we choose smaller and smaller values of ". This does notseem possible with the current de�nition of the functions fn. Maybe there is somevariant of this construction which would yield functions fn which still have most ofthe other properties of these functions and also have this additional property.3. A proof, using Fedja's example, that the answers to Question 4,Question Y1 and Question Y2 are all NO.Let us �rst recall some general facts about subspaces of `1 in versions which areappropriate for our needs here.Let N be any positive integer. Let S be an arbitrary subspace of `1N . Then thefollowing facts are apparently well known and also easy to show (see [CN1] for moredetails):� For each x 2 B`1N we have dist`1N (x; S) = dist`1N (x;BS(2)) where BS(2) =ny 2 S : kyk`1N � 2o.� Suppose that N� �14 ;BS(2)� denotes the smallest integer m such that BS(2)is contained in the union of m open balls in `1N , each of radius 14 . There exists anumber �(n) depending only on n 2 N such that, for every subspace S of `1N ,N� �14 ;BS(2)� � � (dimS) :(5)In particular, �(dimS) does not depend on N . For example, simple arguments([CN1]) show that we can take �(n) = �16n2((n� 1)(n�1)=2 + 1)�n.We are now ready to use the functions described in Section 2 to show that theanswers to Question 4 of [CN0] and to Question Y2 of [CN1] are both NO.(i) Suppose that the answer to Question 4 is yes. Then there exists some partic-ular function  : (0;1) ! (0;1) which satis�es lim"!0 (") = 0 and there existssome integer valued function � : (0;1) � N! N such that, for every k 2 N andevery collection F1, F2,...., Fk of k functions in H1(D ; C N ), there exists a subspace



5S of CN with dimension not exceeding �("; k) such that whenever G 2 H1(D ; C N )with kG(z)k1 � 1 for all z 2 D and " = supz2Tdist`1N (G(z);M (z)), whereM (z) = spanfF1(z); F2(z); ::; Fk(z)g(6)then it follows that dist`1N (G(0); S) �  (").(ii) Suppose that the answer to Question Y2 of [CN1] is yes. Then, in theterminology of [CN1], there exists an Ysaye pair ( ; �) which satis�es lim"!0 (") =0. The following argument will show, simultaneously, that there cannot exist func-tions  and � with the properties mentioned in (i), nor with the properties men-tioned in (ii).Our �rst step is to choose a particular " > 0 above, so that  (") < 1=4, where is the function whose existence has been postulated in either (i) or (ii). Then wechoose a positive integer � depending on that value of " and construct the functionsuj : D ! B`1 for j = 1; 2; :::; � and fn : D ! B`1 for all n 2 N by exactly the sameprocedures as in Section 2. Now let N be a positive integer satisfyingN > �(�("; �))(7)where � : N! N is the function introduced in (5). Let M = N + �. Let P :`1 ! CN be the projection map de�ned by P f�ngn2N= (�1; �2; ::::; �N) for eachf�ngn2N2 `1.Now we de�ne the functions F1; F2; ::::; FM in H1(D ; C N ) by Fj = P � uj forj = 1; 2; :::; �, and F�+j = P � fj for j = 1; 2; ::::;N . All components of all of thesefunctions are analytic polynomials in the unit ball of A(D ). Furthermore, using (4),we haveminnkFn(z)� Fj(z)k`1N : j = 1; 2; :::; �o� minnkfn��(z) � uj(z)k`1N : j = 1; 2; :::; �o< "(8)for every n 2 f�+ 1; �+ 2; ::::; �+ Ng and the left side of (8) is of course 0 whenn 2 f1; 2; ::; �g.We now use these numbers and functions in the two rather similar particularcases which have to be considered.On the one hand, if we are supposing, as in (ii) that ( ; �) is an Ysaye pair, thenwe would have to be able to deduce that there exists a subspace S of CN of di-mension �("; �), such that dist`1N (F�+n(0); S) = dist`1N (Pen; S) < 14 for every n =1; 2; :::;N . Thus, as indicated above, we also have dist`1N (Pen;BS(2)) < 14 . We re-call that BS(2) is contained in the union of �(�("; �)) open balls B1; B2; :::; B�(�(";�))in `1N each of radius 1=4. If 2B denotes the ball having the same centre and twicethe radius as the ball B, then the union of the open balls 2B1; 2B2; :::; 2B�(�(";�))contains each of the N points Pen. But each open ball 2Bj since its radius is 1=2,can contain at most one of the points Pen. This contradicts (7) and completes theproof that the answer to Question Y2 is no.On the other hand, if we are supposing, as in (i), that the answer to Question 4 isyes, then we obtain a contradiction in almost the same way. We choose k = � andagain take Fj = P �uj for j = 1; 2; :::; � and de�ne M (z) by (6). It follows from (8)that, for each Gn = P � fn for n = 1; 2; :::;N , we have dist`1N (Gn(z);M (z)) � " foreach z 2T. Obviously we also have kGn(z)k`1N � 1 for each z 2T. So there has to



6be a subspace S of dimension �("; �) such that dist`1N (Gn(0); S) = dist`1N (Pen; S) <14 for every n = 1; 2; :::;N . As already explained, this is impossible.4. Further thoughts and questionsIt might be interesting and instructive to try to prove that Question Q hasan a�rmative answer under the additional assumption that the sets M (ei�) are\uniformly ultra-compact", i.e., if the expression sup�2[0;2�)N� �";M (ei�)� tendsto 1 in some suitably slow manner as " tends to 0. Perhaps, analogously, theanswer to Question 1 (or Question 2) might be yes if the set T (BA0 ) is contained insome \ultra-compact" subset of B0 (and also the set T (BA1) is contained in some\ultra-compact" subset of B1.)Here are some tentative remarks and thoughts about how one might perhapsextend Fedja's example to show that the answer to Question Q is also no.4.1. FIRST APPROACH:. To answer Question Q in the negative, it wouldsu�ce if we could produce an example of a family fEzgz2Tof compact subsets ofB`1 such that, for some �xed in�nite subset G � N the above `1-valued functionsfn introduced in Fedja's example satisfy fn(z) 2 Ez for each z 2Tand each n 2 G.It does not seem very likely, but we could do this if we could somehow producestrictly increasing sequences of integers fK�g�2Nand fn�g�2Nsuch thatv�(z) := 1MK� K�Xk=1 z�kn�k 
k(z) = 1MK� K�Xk=1 1kfzk(m�n�)gm2Nconverges in `1 as � ! 1, for every z 2 T. Rewriting z = ei�, we see thatv�(ei�) = 1MK� PK�k=1 1kfcos k(m � n�)�gm2N+ iMK� PK�k=1 1kfsin k(m � n�)�gm2Nand the `1 norm of the second sequence (cf. Lemma 1) is dominated by C1=MK�and will thus tend to 0 for any choice of the sequences fK�g�2Nand fn�g�2N.Thus we have to consider the sequence w�(�) = 1MK� PK�k=1 1kfcos k(m�n�)�gm2Nfor each �.In general,KXk=1 cos kxk = KXk=1�1k � Z x0 sinkt dt� = MK � Z x0 KXk=1 sin kt dt:NowKXk=1 sin kt = KXk=0 sin kt = Im KXk=0 eikt = Imei(K+1)t � 1eit � 1 = Imeit=2(ei(K+ 12 )t � e�it=2)eit=2(eit=2 � eit=2)= Im(ei(K+ 12 )t � e�it=2)(eit=2 � eit=2) = Im(ei(K+ 12 )t � e�it=2)2i sin t2 = �cos �K + 12� t� cos t22 sin t2= 2 sin K2 t sin �K+12 � t2 sin t2 = sin K2 t sin �K+12 � tsin t2 :So w�(�) = (1� 1MK� Z (m�n�)�0 sin K�2 t sin �K�+12 � tsin t2 dt)m2N:



7We have reduced the problem to �nding strictly increasing sequences of integersfK�g�2Nand fn�g�2Nsuch that the sequence��(�) = ( 1MK� Z (m�n�)�0 sin K�2 t sin �K�+12 � tsin t2 dt)m2Nconverges in `1 for each � 2 [��; �]. Note that1MK� Z (m�n�)�0 sin K�2 t sin �K�+12 � tsin t2 dt = 1MK� Z (m�n�)�0 sin K�2 t sin �K�+12 � tt2 dt+ 1MK� Z (m�n�)�0 sin K�2 t sin�K� + 12 � t � 1sin t2 � 1t2 � dt:It is far from evident that this will work.4.2. SECOND APPROACH:. Since the sequence fn(z) de�ned as in Section2 depends on a particular choice of a positive number ", let us now use the moreexplicit notation fn(z; ") for it. Then let us use the notation fnm(z; ") for the mthelement of the sequence fn(z; "). By standard arguments using normal families, wecan see that, for each �xed m and n inN, the sequence of functions ffnm(z; 1=k)gk2Nhas a subsequence which converges uniformly on each compact subset of the openunit disk. By suitable \diagonalization" we can �nd a \sparser", subsequence ofk's, i.e., some increasing sequence of integers fpkgk2Nsuch that ffnm(z; 1=pk)gk2Nconverges uniformly on each compact subset of the open unit disk for each �xedm and n in N. The pointwise limit of this sequence is a bounded analytic functiongn;m(z) on the open unit disk which must necessarily have radial (or even nontangential) limits at almost every boundary point. We shall also denote these limitsby gn;m(z) for (a.e.) z 2 T. For each z 2 D , except possibly for those points z insome null subset of T, let M (z) be the subset of B`1 consisting of all sequences ofthe form fgnm(z)gm2Nas n ranges over N. Clearly gnm(0) = �m;n for all m;n 2 Nand so M (0) is not contained in any compact subset of B`1 . If M (z) happens to becompact, or contained in a compact subset of `1 for all or almost all z 2 T, thenwe have something close to a negative answer for Question Q, with H1 functionsinstead of analytic functions which are continuous up to the boundary. We mightexpect somehow that M (z) is compact for such z 2Tsince, as k tends to 1, the setof sequences fn(z; 1=pk) as n ranges over N, satis�es N� ("; ffn(z; 1=pk) : n 2 Ng) <1 for smaller and smaller values of ", i.e., for " = 1=pk. The problem (at leastone problem) is that each time when we make k larger, so that we indeed obtain anew set of sequences with a �nite " net for some smaller ", we have no reasonablecontrol of the size of N� ("; ffn(z; 1=pk) : n 2 Ng) for larger values of " for this newset of sequences. (In this connection, see Remark 2.)So the challenge here is to try to use the above process, but with the `1 val-ued functions fn(z; ") of Section 2 replaced by \nicer" variants which still sat-isfy fn(0; ") = en and still are such that the set ffn(z; ") : n 2 Ng has a �nite" net. But now we also want to also be able to assert the existence of positiveintegers qk depending only on k such that, for each k and each k1 � k, the setffn(z; 1=pk1) : n 2 Ng satis�esN� (1=pk; ffn(z; 1=pk1) : n 2 Ng) � qk:(9)



8 Simple variants of the calculations and estimates of Section 2 suggest that, foreach positive "1 and "2 and for fn(z; ") as de�ned in Section 2, we have thatN� �12 ("1 + "2) ; ffn(z; "1) : n 2 Ng� is bounded by an expression approximatelyequal to 4�"2 e4C1="1 for each z 2 T. But such estimates seem far too weak togive anything like (9). 5. APPENDICES5.1. The formulation of Question 4 in [CN0]. In [CN0] this question wasstated for `p for general p 2 [1;1]. Here we restrict ourselves to the case p = 1,which is, or would have been, the relevant case for our purposes.Let N and k be arbitrary positive integers. Let D denote the closed unit disk. LetH1(D ; C N ) be the space of all CN valued functions f(z) = (�1(z); �2(z); :::; �N(z))where each �j is in H1(D ). Let k�k1 denote the `1 norm on CN .Question 4 (in the case p = 1): Let f1; f2; ::::; fk be k functions in H1(D ; C N ).For each �xed z 2 D , let M (z) be the subspace of CN de�ned by M (z) = spanff1(z); f2(z); ::; fk(z)g.For each positive ", does there exist some subspace S of CN , whose dimension de-pends only on k and ", with the following property: Whenever g is a function inH1(D ; C N ) which satis�es kg(z)k1 � 1 for all z 2 D and alsodist`1(g(z);M (z)) � " for almost every z 2T,then dist`1 (g(0); S) �  (") ?Here  : (0;1) ! (0;1) is a �xed function of one variable (i.e., it does notdepend on k or N) which satis�es lim"!0 (") = 0 .A positive answer to Question 4 for p = 1, would have implied a positiveanswer to Question 2. If, furthermore, such an answer could have been obtainedwith  (") = "r for some positive constant r, then this would have implied a positiveanswer to Question 1.5.2. THE PROOF OF LEMMA 1. This result is part of Lemma 8.2 of [Z] p.57 (cf. also [Z] p. 61.) Here is a self contained proof, using various steps in [Z] pp. 57and 61). First we recall the very classical result that the limit limR!1 RR0 sin xx dxexists and is �nite. (This can of course be immediately deduced, using integrationby parts, from the fact that cosxx2 is absolutely integrable on [1;1).)We have, for each x 2 [0; �], thatx2 + KXk=1 sin kxk = Z x0  12 + KXk=1 cos kt! dt = Z x0 sin(K + 12 )t2 sin t2 dt= Z x0 � 12 sin t2 � 1t� sin(K + 12)tdt+ Z x0 sin(K + 12)tt dt:(10)The �rst integral in the preceding line has absolute value dominated byZ �0 ���� 12 sin t2 � 1t ���� dt = Z �0 ���� t� 2 sin t22t sin t2 ����dt = c1 <1since the integrand tends to 0 as t tends to 0. The second integral equals R (K+ 12 )x0 sin uu du



9and so its absolute value is bounded by the �nite quantity c2 = supy2[0;1) ��R y0 sin uu du��.Combining these estimates, we see thatsupx2R����� KXk=1 sin kxk ����� = supx2[0;�] ����� KXk=1 sinkxk ����� � �2 + c1 + c2;which completes the proof. References:[CKM] M. Cwikel, N. Krugljak and M. Masty lo, On complex interpolation ofcompact operators. Illinois J. Math. 40 (1996) 353{364.[CN1] M. Cwikel and N. Complex interpolation of compact operators, a reductionof the problem. Preprint 2004.[CN0] M. Cwikel, Some thoughts about complex interpolation of compact op-erators. This is an abstract of a lecture and it appears on pages 2110 to 2113 ofa report prepared by F. Cobos and T. K�uhn: Report No. 40/2004 on the Mini-Workshop on Compactness Problems in Interpolation Theory and Function Spaces,August 15-21, 2004, Oberwolfach. This report can be obtained at:http://www.mfo.de/programme/schedule/2004/34b/0WR 2004 40.pdf[Z] A. Zygmund, Trigonometric Series.


