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INTEGRAL MEANS AND POLYA FACTORIZATIONS
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(Communicated by Hal L. Smith)

ABSTRACT. Integral means of functions and their derivatives are studied. We
find a relation between integral means and the Pdlya factorization of ordinary
linear differential operators.

The purpose of this note is to present relations between integral means of func-
tions and the corresponding integral means of their derivatives. Also, we point
out that these relations are consequences of the Polya factorization of differential
operators.

We begin with two identities:

Theorem 1. Let there be given the integral mean with weight function wy > 0,

" oy = Jn(6)f)ds
f; wo(s) ds
k
(a) If wy = f; wg, then the generalized k-th derivatives Ly f = (g—é %) f have
the integral means
t
L d
2) LiF(t) = Jo wot(s) ef(8)ds o
fa wo(s) ds
(b) Let wy = fat Wg—1, Tk = Wi/wg_1wkt1, k =1,2,.... Then the integral
mean with weight wy, satisfies
t
d d d Jy wi(s)f®) (s) ds
3 S SR = L k=1,2,....
(3) Tk Tt g T g (t) f;wk(s)ds

Proof. By (1), F(t) = f; wo(s)f(s) ds/w(t), with wy(t) = fat wo. By differentia-
tion and then integration by parts (with wy(a) = 0),

F’:wl_Q[wofwl —’wo/

a

= w;? [wofwl — wy (wlf —/:wlf’)}

t

-2 /

=w; wO/wlf.
a
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This may be written as

I 1/
(4) ﬂF’Z—/ wlflz—/wo(%f'»
Wo W1 Jgq w1 Ja Wo
which is precisely (2) with k =1, L; = Z_;%' Induction on k completes the proof

of (2).

Let us multiply (4) by w1 /wa, where wy = fat wi, and rewrite it as

1 g —M.

wows f: w1(s)ds

When this argument is repeated k times with wyiq = fot we, £ =1,2,...k, (3)
follows. 0

Take for example the weight function wg(t) = t?, p > —1, and a = 0. Then
one has wy, = P /(p+1)...(p + k), wi/wo = t/(p+ 1), ri, = W3 wp_1wWk41 =
p+k+1)/(p+k). If

t D d
(5) F(t) = M
Jo sPds
then (2) becomes
t d\k
d P (s d
©) GO Rl LU L
dt fO sP ds
and (3) becomes
t
(1) p—l—k—l—lF(k)( ) = Jo sPHE (R (5) ds 19
p+1 ft spthds Y
(7) yields easily
t
(8) t*F®) () = e ROLL k=1,2,... .
fot sp ds ) 3 )
Since (t4)" =4 4 ! citij—; with certain constants c;, one can deduce (8)

also from (6).
Many other identities about integral means are available. For example, if we

transform (5) and (6) by s = ™!, s& = —u-L we get that for ¢ > 1, v > 0,
oo —q d o _qr d\k d
F(v) = M implies (vi)kF(v) = Jy v O(Oudu) f(w) U,
fv u_q du dU fv u—q du
k=1,2,.... If we choose a = 00, wg = ¢ %, wy = [~ wx—1 = e /p", then by
(3), 7, =1 and
> eps d o —ps r(k) d

S emreds [ emreds
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Corollary 1. Let wg =1t as in (5).
(a) If f®) has a fized sign for t >0, then F*) has the same fized sign as well.
(b) Iff, f',...fO >0 fort >0, then

+1
9 FO@ < L2 s®@) ¢>0, k=0,...,0-1.
©) )< 2P0, tz
(¢) If f, f',... fO >0, fE) <0, then
PHL (k)
10 0< < F® (¢ t>0, k=0,... 0
(10) LSO SFO@W, 120 k=0,

Proof. (a) is a consequence of (7). By (7) also

tp-i—k—i—l ) t % o(k
P Ft )(t):/ sPTR PR (5) ds
(11) ’
(k1 ® t o gptktl (1)) 4
et [ e

and the upper bound (9) follows for &k +1 < /.
If f+1) <0, then by (11) (with k = ¢)

+1
FO@) > L O ¢ >0
R e T AL
which is (10) for k = £. Integration yields
p+1 p+1

(12) FED(0) - FE (@) = FED(0) - 700), t>o.

p+l+1 p+l+1
But by (7), F®(0) = ((p+1)/(p+k+1)) f*®(0) for k = 1,2,.... Using this with
k=¢-1, (12) becomes
_ +1 p+1 p+1 _
FU-Dpy P2 -1 =) >0
®) p+€+1f () = (p—l—é p—|—€—|—1)f 0) 2

for t > 0. Thus we get the lower bound (10) for kK = ¢ — 1. Repeated integrations
of the last inequality prove (10) for k=¢—2,...,1,0. O

Corollary 1 shows how convex1ty properties are inherited by averaging. About
the convexity of F(t) = t~1 fo s)ds, see [Mit, §1.4.7] and references there. Part
(a) of Corollary 1 also implies, for example,

Corollary 2. Let f be completely monotone, that is, (—1)"f(™) >0,n=0,1,....
Then the average F in (5) is completely monotone, too. If f is completely conver,
ie. (=1)"fC") >0, n=0,1,..., then F of (5) is also completely conve.

The integral identities (2),(3) may also be written as differential identities. For
example, (1) and (2) are equivalent, respectively, to

d d
p — (w1 F) =wof and p — (w1 LiF) = woLyf.

If we substitute f = wy 1%(w1F) from the first equation into the second one, we
get

d 1 d
dt (wlLkF) = U}QLk( d—wlF)
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k
However, Ly is the differential operator (g—; %) , so each side of the last equation

may be presented as a product of differential operators

03) (e d) D)= a) @ Fur)

Similarly, (1) and (3) are equivalent, respectively, to

w2 d w? d dk
b ! = wkd?fa

d d
—(un F)=wof and —wiy

dt dt 1wk_1wk+1 E T wows E

which imply, as above, the differential operator identity

1 d ’U}2 d w2 w2 d dk 1 d
14) — 2 "k % k-1 1 —FE—(—— F) i:/ -
( ) Wi dt Wr—1 dt W _2Wk WoWo dt dtk wo dt w1 5 w Wi;—1

(13) represents two different Pélya factorizations of the same differential opera-

tor, say
d d d d

15 — oo —ooF = —Br...01—=0uF, i, 3 > 0.

(15) QU1 75 O - - 01 7 (0 5k+1dtﬁk B dtﬁo i, B
The same holds for (14). For more details about such factorizations, see [Pol], [Tre],
[Cop]. One way to verify such identities is to show that the (k + 1)st order linear
differential operators on both sides have the same leading coefficient ag11 ... a0 =
Bk+1 ... 0o and the same null space. For example, for (13) it follows by direct
calculation (and using repeatedly wg = w;’) that the null spaces of both sides
are spanned by the k£ + 1 functions {wl_l, 1,logwi, (logwi)?, ..., (log wl)k_l} and
Q41 ...00 = ﬁ]ﬁ.l .. .ﬁo = (wl/wo)’”l.

Now we turn to the inverse question, namely are any two factorizations like (15)
of a differential operator a source of integral mean identities like (2) and (3)? If
(15) is factored into products of differential operators
(16) = (o NalF)) = M [F])

——(v = ——(w

g dt UV k 1 ;
where My, Ni, are kth order differential operators and v, 1%1)1, wy ! 4w, are first
order differential operators, v1 = [ vy, w1 = [ wo, then

_ Jwof _ S vo Mi[f]
J wo Jvo

(15) can be always written as (16) in a trivial way. All one has to do is to multiply
(15) from the right and the left hand sides by suitable factors and split ag, 51 into
products. This is, of course, useless, since multiplying, say, vy by a positive function
leads to multiplication of M} by the reciprocal of the same function. So, the real
question is to obtain interesting factorizations (16) with “nice” operators My, Ni.
We exhibit such a result, based on the identity

o) e () (e

(17) is easily established, since both sides are equal to tF(?®) 4+ nF@n=1),

F(t)

implies N [F](t)
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Theorem 2. Let f € C*"~1[0,00), t"f € L(to,00) and f™~1(0) = 0. If

© _n d
(18) Fy = J s
J, sTmds
then
t 1 p(2n—
(19) n F(2n_1) (t) _ fO S 1f(2 1) (3) ds .
n—1 fot sn—1(ds
Proof. Let F(t) be defined by (18), that is, t ™" "1 F(t)/(n—1) = [ 57" f(s)ds, or
n d —n
(20) (n = Df(6) = "5 (7 E ().
We differentiate (20) 2n — 1 times and get by the identity (17) that
(= 1)pen) = D oty s L g pen)
di2n=1" dt dt ’
or
t t
(21) t”F(Q”_l)‘ =(n-— 1)/ snLpCn=l) g,
0 0

The lower limit has to be calculated carefully due to the definition of F' at ¢ = 0.
To determine the behaviour of F' and its derivatives near ¢t = 0, we differentiate
(20) n — 1 times,

(n— 1)f(n—1) — (tn(t_n+1F)')(n_l) _ (tFI +(—n+ 1)F)(”—1) _ tF(n),

ie., FW = (n—1)f=D(t)t~1. By n— 1 more differentiations and passing to limit
as t — 0, it follows that t”F(Z”_l)‘O = (=1)"(n — 1)(n — D)!f=D(0), and this
equals 0 due to our assumption. Thus (21) becomes

¢
tnF(Zn_l)(t) — (n _ 1)/ Sn—lf(2n—l) ds,
0
which is precisely (19). O
Beginning with the identity
d d\m
t—n—i—l _tn+1 (_)
dt dt
it can be shown that (18) implies

AN® o d o
( )t t

dt dt ’

n

n—1 f(f sn—1ds
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