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Synopsis

The solutions of the differential equation L vy +p(x)y =0, where L,k is a disconjugate operator, are
classified according to their behaviour as x — . The solution space 18 decomposed into disjoint sets.
We study the dominance properties of the solutions which belong to different sets.

1

This work is a direct continuation of our previous paper [1]. We consider the
differential equation

L.y +p(x)y=0 (1)

where p(x) is continuous and of one sign on [0,%) and L, is the n-th order
differential operator

Lny e ﬂn (l‘:}” L » v (p](p“},}’ S B )’* (2)
Here p, >0, p,e C"'[0,), i=0,..., n. We denote
Loy =poy. Liy=pi(L;_1y), i=1,...,n (3)

and call Ly, ..., L,y the quasi-derivatives of y. Our present aim is to analyse the
structure of the solution space according to the relative rate of growth of the
solutions. Some papers which discuss various aspects of equation (1) are [3, 5-8].

First we summarize some definitions and results of [1]. Let S(c,, ..., ¢,) denote
the number of sign changes in the sequence ¢y, ...,c, of n+1 non-zero terms.
For a solution y=0 of (1) and a point x, we define

S(y, x+) =£1Lrg, SULYIE), — Ly E), ... A=1I"LYE)); ()
Sly, x—)= EILT S(Loyl&)s LiylE )i v L&)
As L,y =—p/p, - Lyy, the above quantities satisfy
(_]_]”_SW'I_HP{:O.. (_1)5{\;.1 }p{n: (S}

if Ly(x)#£0, t=0;...,# then
S(}’a, x.;']_) = N — S(}’, x“_}"). (6)

If x,, x5,... are the zeros of all quasi-derivatives of y in (a, b), n(x;) 1s the
number of consecutive quasi-derivatives which vanish at x; and (t) denotes the



54 Uri Elias

even part of the integer t, then

S(y,a+)+ Z (n(x;))+S(y,b )=n. (7)
a<x;<b
If Ly(b)#+0, ¢t=0,..., n, we get, by combining (7) and (6),
S(y, a+)+ 2, (n(x))=S(y, b+). (8)

Hence S(y, x+) 1s an integer valued, non-decreasing function of x, discontinuous
at multiple zeros of the quasi-derivatives. Necessarily it is constant on some ray
| Xo, ). This eventual constant value is denoted by

def

S(y)= lim S(y, x+).

NN —h

Accordingly, the non-trivial solutions of (1) are sorted to sets
S, ={y | S(y, x+) = k eventually}.
In [1], we proved

THEOREM 1. The set of non-trivial solutions of (1) is the union of disjoint,
non-empty sets S,, 0=k =n, such that (—1)" *p<0. Each of the above sets
consists either of oscillatory solutions or of non-oscillatory solutions only.

Another result which will be used i1s
LEMMA 1. If S(y)) =k, i=1,2,... and y,—y as i—x then S(y)=k.

Next we define a basis u,, ... u,_, for the solution space of (1) as follows. Let
x =a be a fixed point. If (—1)""*p<0, let u, ,(x, b) be the essentially unique
solution which satisfies the boundary conditions

Luta)=0, i=0,...,k—2,k,

(9)
Lu(b)=0, i=k+1,...,n—1, o
and let u,(x, b) be the essentially unique solution which satisfies
Latta) =0 150, .6=L
(10),

Lu(b)=0, i=k+1,....n—1.

If (—1)"p <0, define for k =0 only u, by (10), and if p <0, define for k = n only
u, , by (9), ,. The essential uniqueness of u;(x, b), i =0,..., n— 1 may be shown
by (7) and (5). The definition of ;(x, b)—s by two different boundary conditions
(9), or (10), according to the parity of i is essential. If (1) has a (k, n — k)-focal
point, that 1s a solution y=0 satisfies

Lyv(a)=0, i=0,..., k—1,

| _ (11),
Ly(b)=0, i=k,...,n—1,

and if we attempt to define v;(x, b), i=k —1, k, by (10),, then v, _,(x, b)~ y(x),
v (x, b) ~ y(x) would be dependent.
We temporarily normalize the solutions u,(x. b), . ... u, .(x, b) so that

n—1
Y |[Lu(a, b)|=1, i=0,...,n—1. (12)

t={)



Solutions of a differential equation 55
By a compactness argument, one can choose a sequence b, — o such that

i Lwix; b)=Lag(x), t=0,...,1m Ii=0, ..., n— 1, (13)

.f_}. —

uniformly on compact sets. The uy(x),...,u, ,(x) thus obtained satisfy

THEOREM 2. (a) uy(x),...,u, (x) are a basis of solutions and u,(x) has a zero
of exact multiplicity i at x = a.
(b) Let (—1)" 'p<0, (D" *p<0. If 1=I=k=n—1 then

Wilth g Wsoos y BB} F 0 @<, (14)
I=8S(c_ gt T CUL XI=k, G=EX <, (15)
spandu_5, Wi oL W YE S, L US, ULD; (16)

but S, U...US, U{0} does not contain any subspace of higher dimension.

[f l=0 orif k=n, modify (b) by omitting u, ,=u , or u, =u, (which have not
been defined) respectively.
(¢) In particular, if 1=k=n-—1 then

span {u,_, U} < S, U{0} (17)

but S, U{0} contains no three-dimensional subspace, S, (if (—1)"p<0) and S,, (if
p<0) contain no two-dimensional subspace.

Proof. Put u(x)=c¢,_,u_,(x)+...+cu.(x). Since u has a zero at least of
multiplicity [ — 1 at x =a, S(u, a+)=1— 1. However, (—1)" 'p <0 and so, by (5),

N+ = (18)

Take a point x, such that L .u(x,) #0, t =0, ..., n; such points arc dense in (a, =).
If we define u(x,b)=Y%, ,cul(x, b) then lim L,u(x,. b,) = Lu(x,) #0 and so

b, —x

sgn Lu(x,, b;)=sgn Lu(x,), t=0, ..., n, for sufficiently large values of b,. Hence
S(u(x, b;), xo+) = S(u, x,+) for large b,. But by (9), (10), u(x, b;) has at lecast
n —k — 1 quasi-derivatives vanishing at x = b, so S(u(x, b;)),b.—)=n—k—1 and in
fact, by (5), S(u(x, b)), bj—)=n —k. On applying (7) for the interval [x,, b, ], we
have S(u, x,+)=S(u(x, b;), xo+)=n—S(u(x, b;), b,—)= k. By the monotony of S
and (18), it follows that [=8(u, x+)=k for all x, a=x=x,. Since x, may be
chosen arbitrary large, (15) 1s proved.

By (13), wu, ,(x), too, satisfies the boundary conditions Ly, (a)=0, i=
O,...,k—2, k. If L, _,u._,(a)=0, then u, _,(x) would have a zero of order k + 1
at x=a and S(u, ,,a+)=k+1, contradicting (15). Thus L, ,u,_,(a)# 0 and
similarly L,u.(a)# 0. This confirms (a). This argument also shows that the
normalizations (12) are equivalent to Ly (a, b) = 1. Without loss of generality, we
shall assume from now on that u,(x). ..., u, ,(x) do satisfy

qui{ﬂ}ﬁl. (l":}}l

If W(w ., up, ..., u)x,) =0, there exists a solution u =%¥ , c.u; with a zero of
multiplicity kK —[+2 at x> a. But (n(x,)=k — 1+ 2 together with [ =S(u, a+),
S(u, b+)=k (by (15)) contradict (8). Thus (14) is proved. Observe that (7) (or

(15)) may be used to show that many other determinants are non-zero. Also the
signs of the determinants may be found.
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Statements (16) and (15) are equivalent. Suppose S, U ... US, U{0} contains a
k — [+ 3 dimensional subspace, spanned by w,,...,w, ;.3 Take a sequence
x, — . For each x, there exists a solution y, =Y " | "? ¢, w; such that y, has a zero
of multiplicity k —[+2 at x;. We normalize y,, say by >, |L,y;(0)|=1 and choose a
convergent subsequence L,y; — L,y. S(y, x+) is eventually constant: S(y, x+)=¢q
for x=c¢, [ =q=k. Take a > c such that L,y(a)# 0, t=0, ..., n. Now we choose a
sufficiently large i so that x; >a and also sgn L,y;(a)=sgn L,y(a)# 0. For this i,
S(y,a+t)=S(y,a+)=q,{(n(x;))=k —[+2 and by (8), we have for b, b>x; >a,

S(y., b+) =8ty a¥)+nlg =g+ k—1+2)=2k+2,

contradicting our assumption. This proves that S U...US, U{0} contains no
k — [+ 3 dimensional subspace.

If [ =0 then, instead of the pair u,_,, u,, S, contains only u, («_, i1s not defined
at all); S,U ... US, U{0} contains the k + 1 dimensional span {ug, . . .. u, + but no
subspace of dimension k + 2. If k = n, the situation 1s similar.

The next result describes the relation between (16) and (14).

THEOREM 3. Let (—1)" 'p, (—1D)" ¥ p<0, I[=k. If all linear combinations of
k—1+2 solutions wy, ..., W, ., belong to SUS . -U...US U{0} then
WIW i o0 Wi 1.2) F 0 eventually.

Proof. Suppose on the contrary that there exists a sequence x; — %,

Wi(w,, ..., W, .2)(x;)=0. Then there exist non-trivial solutions vy, = Ef“ e CijW;

such that y; has a zero of multiplicity k — [+ 2 at x;. From this point on the proof
follows word by word the parallel part in the proof of Theorem 2.

2

Now we turn to the subject of this note, the relative magnitude of solutions in
different classes.

DerinrrioN, We shall say that the set S, dominates S;, kK > [, if for every u e §,,
v e S, and every scalar c,
uU+cves,.

For short we shall denote this relation by §, > S,
Does S, dominate S, for k > 1?7 We shall show three positive examples and one
negative one.

ExaMmpPLE 1. The solutions of y'¥—y=0 are e *€8,, cosx, sinx€S,. e* €S,
and obviously §,<S,<8S..

ExaMmpPLE 2. The solutions of y¥+4y=0 are e *sinx, e *cos x€S,, e* sin x,
e*cosxeS; and §,<8S.,.

ExampLie 3. Let L, be written in the canonical form of Trench [9], that is

I prr==ee. ir=l cuett=1, (20)
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If ueS, is non-oscillatory then u (or —u) satisties

gzl =l . o1,
AT . (21),
(—1V"Lu>0 i=k...., n—1 for x>x.

Consequently, for large values of x,

B‘Pk 1(}:-}‘::: H(X]E A‘-PE{XL

@;(x)=py }J p,“{r.]j'..._[' Lp{i(fi‘!dh...dr].
i) ) )

Therefore, if ue S,, ve S, are non-oscillatory and k > [, then u/v — © as x — =,
By (21), and (20), Lu—> =, i=0,..., k-2, Lu—0, i=k+1,...,n—1 while
L, ,u increases and L,u decreases (possibly to finite non-zero constants). On
applving I'Hopital’s rule to L, u/L,v = u/v and some other elementary arguments.
we get Lu/Lv—>>xasx —o (=0,..., ii—%: G 5 5

where

ExampPLE 4. Four solutions of (x*(x*(x*y")")') —x*y=0 are y,=exp(1/x)eS,,
y, =cos (1/x), ys=sin(1/x)e S, and y,=exp(—1/x)e S, but y, +y,€S8,, Yo—Vy4€
S, and y,—y,€8,. So 8,755, S,7Su. S.7S,. Note that this equation is not
written in the canonical form (20).

While Aw + v does not necessarily belong to S, for all A#0 when we §,, veS,
and k > [, we may ask for which values of A, S(Aw + v, x+) = k. We define

DEFINITION.

def

[v:w](x)= inf{A>0|S(Awxv, x+)=S(w, x+)}. (22)
The following result shows that the elements of the basis {u, . . ., u, .} are not

too far away from a dominance type relation.

THEOREM 4. Let (—1)" 'p<0, (=" *p<0. If 1>k, [au_,+Bu: yu, ;+
du, |(x) is a non-decreasing function on (a,*) and if | <k it is a non-increasing
one.

Proof. For convenience, we put v = auy, ; + Bu, w = yu, ,+ou,. For a point x
such that Lw(x,)#0, t=0,...,n, [v: wl(x,) exists and satisfies

[ v: ](I-H)E max ‘L:U(Iu)/Lrw(x{}-)i- (23)
sz =il

Indeed, for all A, A >max|Lv(x,)
i

we have sgn L (Aw £v)(x,) =

sen Lw(x,). Now, by (15), S(w, x+)=S(yu, ., + o, x+)=k for all x, a =x <,
hence S(Aw +v, x,+)=S(w, x,+)=k and, by the definition, [v: w](x,) = A. This
proves (23). For such x, and every &>0, there exists ¢, 0<[v: w](x))=c<
[v: wl(x,)+ & such that

S(ew v, Xot+) = k. (24)

Let 1> k. Then by (15), (with the roles of | and k exchanged),

S(ew v, a+)= S(c(yu, +éu ) x(aw, ,+Bu), at+)=k. (25)
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By (24), (25) and the monotonity of S, S(ew v, x,+)=k for all x,, a <x,<x,
and so, by definition, [v; w](x,) =c. But ¢ was taken from an arbitrary small right
neighbourhood of [v: wl(x,), so

[v: wl(x)=[v: wl(x,), a<x,<x,. (26)

Since the points x, such that Lw(x,)#0 are dense in (a, ), (26) shows that
[v: w](x)<ee for all x, a < x <. On the other hand, (26) does not prove yet that
[v: wl(x) increases, due to the restriction of x,. But now, when it is already known
that [v: w](x) exists for all x, we may repeat the arguments from (24) to (26) for
all x, and (26) will prove that [v: w] does not decrease on [a, *).

Now let [ <k. Then, by (15),

S(ewxv, x+)=S(c(yu,_ +éuw. ) (au,_,+Bu), x+)=k (27)

for all x, a <x <. By (24) and (27), S(cwxuv, x;+) =k for all x,, x,<x, <. The
proof continues as above and shows that [v: w](x,)=[v: w](x,) when x,<x,<w
and [v: w](x) is non-increasing on (a, =).

R

If L, is written in the canonical form of Trench [9], i.e.
J p,-_' dx=ee, i=1 ..., n—1, (20)

and S, consists of non-oscillatory solutions, we know that every ue S, (or —u)
satisfies
Lau=>0 t=0,...,86=1];

| (21),
1) " *Lu>0 t=k,....n—1, :

on some ray [xg, ). It is also known that (21), is equivalent to the (k, n—k)-
disfocality of (1) on [x,, ). In these circumstances, Theorem 4 may be replaced
by a more explicit result.

THEOREM 5. Suppose that (—1)" *p <0, S, consists of non-oscillatory solutions
and (20) holds.

(a) If [=k and ue S, satisfies (21), on (a,>) then max |Lu(x)/Lu(x)| is a

non-decreasing function on (a, =). M el

(b) If [=k—-2 and wueS, satisfies ((21), on [x,®), xy,=a, then
max  |Lu(x)/Lu(x)| is a non-increasing function on |[x,, ).

r=0,....n—1

Proof. (a) Let | = k. For a fixed point x, =a and an arbitrary ¢ such that

c> max |Lay(x)/Lau(x, ), (28)
|

f =lcivan n—
we consider the pair of solutions w=cu +u, At x = a,
Lw(a)=L,(cuxuy)la)=cLu(a)=0, t=0,...,k—1

by (21),, (9), or (10), and as [ = k. At x = x,, we have, according to the choice
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of ¢,
sgn L.w(x,)=spn L (cu+u)(x,)=8en Lu(x,), t=0, ..., n—1.
In particular,
Lw(a)=c¢ =0, =05 o5 k—1.
—k - % (29)
(=1)""Ewi) =1 >0 t=k..::, A=

Equations (1) and (29) are equivalent to the integral equation

b
w(x)= R(x)+ J. G(x, ) —p(t)w(1) du,

i

where G is the Green’s function of the disconjugate operator L, and the
boundary value conditions L,y(a)=0,t=0,...,k—1, Ly(x,)=0,t=k,...,n—1
and R(x) is the solution of L,.y=0, Ly(a)=¢, >0, t=0,...,k—1, Ly(x,)=c,
(1) %¢,>0, t=k,...,n—1. Since (—1)"*G(x, 1)=0, (1) *p=0 and R(x)=
0, it is easily shown that w(x)>0 on (a, x,], and, moreover,

Lw>0, t=0,..., k—1,
(1) *Lw>0, t=k,..., n—1, a<x=x,.
Thus sgn L,(cu+u)(x,) =sgn Lu(x,), t=0,...,n—1, for all a<x,<x, and so

¢ >|Lau(x,)/Lu(x,)], t=0,...,n—1. Since ¢ was an arbitrary number satisfying
(28), max |Lu(x,)/Lu(x,)|=max |Lu(x,)/Lu(x,) for a<x,<x, and (a) is

proved.

(b) Now let [=k —2. We choose a fixed point x,, x; = x, and an arbitrary ¢ as in
(28). Since u(x)=1m w(x, b) as b — = through a suitable sequence, we have
¢ > max Ly (xy, b)/Lu(x,)| for b>b,. The solutions w(x, b)=cu(x)=+u/x, b)

satisfy, at x = x,,
Lw(x;,b)>0 t=0,...,k—1

by the choice of ¢, and at x = b,

(-1 *Lw(b,b)>0, t=k,...,n—1 (30)

by (21),,(9), 0or(10), and as l = k — 2. It follows as above that ¢ > |L,u, (x5, b)/L,u(x-)|,
for t=0,...,n—1 and all x,<x,<b where c is independent of b. On letting
b — =, we get that max |L,u (x)/L.u(x)| does not increase on [x,, =).

In connection with Theorem 5(a), we would like to mention [1, Theorem 3]|:
If veS, uesS, and >k then max |Lu(x)/Lu(x)| is eventually bounded

away from 0. In this result (20) is not assumed and u may be oscillatory.
Until now, we have considered relations between solutions from different sets,

S, and S,. The next result deals with solutions in the same non-oscillatory set S,.
Recall that u, (x, b) was defined by (10),, (19),:

Lu(a)=0, i=0,...,k—1,
LkH(H)ZL
Lau(b)=0, i=k+1,..., n—1.
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Now we define u, _,(x, b) by

Ealai=0. f=lk.i:; k=2,
L, u(a)=1, (31)
Lalb)y=0. [=& ..., =1,

that is by (10),_, and (19), ;.
The identity

ﬁk_]{x, b} = Hk_‘;(_xg b)_[Lkuk |(h-. b}/Lkuk(bq b)]ﬂk(}ﬂ, b}

shows that @ _,(x, b) is well-defined if and only if L,u. (b, b)# 0, that 1s if no
non-trivial solution satisfies the (k, n — k)-focal boundary value conditions (11).
Thus, if (1) is (k, n —k)-disfocal on [a, =), & _(x, b) 1s well defined and in this
case we also put

.= T 66 b)
S
for a suitable sequence of b—s. Consequently, @, , espan{u, |, W}.

The special character of u, ,(x) is brought forward by the next theorem.
However, the essential difference between u, , and u, , lies in the following
facts: it is known and not difficult to show that if (1) is (k, n-k)-disfocal in [a, =)
then @, , and u, satisfy (21), on (a, ). On the other side, some additional work
shows that each Ly, ,, t=0,...,n—1 has exactly one zero in (a, *) and (—u, )
satisfies (21), eventually. Since we do not need this fact, it will not be proved
here.

THEOREM 6. Suppose (20) holds, (—1)" *p <0, and (1) is (k, n-k)-disfocal on
[a. ). Then
- Lw, 1(-1'-):
v LX)

Proof. (d, _/w. ) # 0 since Wi, u)= Wlu, _, u)# 0 by (14). Thus, as u, >
0, @, /u. 18 a monotone function on (a,c). Simmilarly, L., _/Lu, t=
0....,n—1, are monotone too. As lim L _,(x)/Li(x)=+%, t=0,...,k—1,

X—=g -t

these quotients and L,u, ,/L,u, = @, _,/u,. decrease on (a,>) and when x — o,
they tend to finite, non-negative limits. In order to apply I'HoOpital's rule, we
mention that by (21), and (20), Lu, — o>, t=0,...,k—2, Lu —0, 1=
K+ Lis san n—1 as x — o (while L, ,u, increases and L,u, decreases, possibly to
finite non-zero limits). A similar situation holds tor &, ;. Thus, by I'Hoptal's rule,
L, (x)/Lu.(x), t=0,..., k—1,k+1;...; n—1, decrease as x — >, to the

same limit A, A =0. Since @, ,, u, satisfy (21),
LAl _i—Aw)>0, t=0,...,k—1,
(1Y "L (f_ —Aw) >0, t=k+], .00, =1

i 1EDpuas glti— L

on (a, =). These inequalities and (20) imply that also L, (&, ,— Au,) must be even-
tually positive. Thus

Lol i— A )=0, x=x<






