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1. INTRODUCTION
A very useful, though simple, result about two term ordinary differential
equations is the following proposition of Kiguradze [11}:
(a) Given the equation

n

d
L YF(x,y)=0 (1.1)
ax

where F(x,y) has a fixed sign, positive or negative, for 0<x <, —©o<
ot

a n atnry cnluting 1Y A

If v il 1 ey ) oro evicte s
y<ow.if yisa noscinatory soiution u_/ U 1) on |U, o0 ), tner Xisis ar

integer k, O < k < n such that

vy >0, i=0,.,k
(1.2)
(1Y k) >0, j=k+ L.,n
on a cerfain ray (a, ©©). Moreover, the parity of k is such that
(=1)"*Flx,»)<0
(b) If
y? >0, i=0,..,k,
(1.3)
y(k+ 1) g 0’
on (a, ©0) then
(¥ — NVt AL £ D) t — () I (1 4\
v hadV AF 4 =Y vy s £ Warery Ml Lae7y

on (a, o).

Proposition (a) is widely used in the study of linear, nonlinear, and delay
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differential equations. Inequalities (1.4) are used to estimate nonoscillatory
solutions and to obtain criteria for the existence (or nonexistence) of various
nonoscillatory solutions. See [4-9, 11, 12] and Lemma 3.2 of [13].

The aim of this note is to generalize inequalities (1.4) in various
directions.

2

In (1.3) Kiguradze utilized only the inequalities y,..., y® >0, y**1 L0
while in (1.2) we have information about the signs of other derivatives too.
The next theorem generalizes (1.4) in this direction.

; k—1)
7(0), " (0),.., ¥ (0; @.1)

SO

where j is a certain integer, j > k, then

0,
0

>
20, 0<x<L,

()

i d/ y
(—1Y 1 >0, 0<x<L, foreacht=0,.,k (2.2)

Equivalently,

ko ik / y(t) \
—1yY=*4J" . >0,
N 1

0L t<k,  foreachfixed xe&(0,L], (2.3)

where A!~* denotes the (j— k)th forward difference with respect to the
variable t.
For example, if j = k + 1, inequalities (2.2), (2.3) are

AN ¥ 3 IR

(r+1) {1}
y y

o w a0 150k (2:5)

both of which are identical with (1.4). Thus each of the k& + 1 functions y/x*,
y'/x*=1,.., y® decreases on (0, L] and for each fixed x € (0, L], we have a
decreasing sequence y(x)/(x*/k!) > y'(x)/(x*"/(k— 1)) > -+« > y*®(x). For
J =k + 2 each of the functions y/x*,..., »** is convex on (0, L] and for each
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fixed x € (0, L], the sequence yp(x)/(x**'/(k + 1)), y'(x)/ (c* [k sy yX (x)/x
is convex.

Here we prove the theorem by a method which can be easily generalized.
First we present some simple facts which will be used later on.

LEMMA. The  operators L,=x?(d" 9%/dx"~9)x"? and L,=
x"(d 7 dx"" Y x5, p > q, r> s, are permutable. At x =0,

Liuly_o=(=1""q(g + 1) - (p— 1) u(0), (2.6)
LiLyulo= (1P gqlg+ 1) - (p— Ds(s + 1) - (r—= )u(0) (2.7)

Proof. In order to prove that L,L,=L,L, it is sufficient to show that
L Lzu—L Liu for p— q+ r—s+1 functions with nonvanishing

; — 3@ f, Tndead
e functions u 101 any «. inaceaq,

Li[x*]=(—g+a)—g+a—1) (-p+a+1)x°,
LiL x| =LLi[x*]={(—g+a)(—g+ta—1) - (~p+ a+ 1)}
X{(—s+a)—s+a—1)-(—r+a+1)}x

Consequently L,L,=L,L,.
By the Leibnitz rule

Llu — xp(x—qu)(p—a)

pP—q
q
=Y (7)) aa-n-

(__~
A—q—

—

=0

and for x =0 we obtain (2.6). To show (2.7), let
r—s o
1¢w=z(,ﬂ&mﬂqrwﬂ—unmw+w”“L
i=o
Applying L, to the functions x"~*~'4"~*~" and putting x = 0, we may have,
by (2.6), a nonvanishing term only for /= r —s. Thus
LyLyuleg=(=s)(=s—1) - (=r+ 1) L ul|,_,
and (2.7) follows.

Proof of Theorem 1. To prove (2.2) we define H(x) = x/(y/x*)" =%, that
is H(x) = (x'D/~*x~*) y, where D = d/dx.
By the lemma

HO(x)=x""(x'D)x' D *x %)y =x (/D' ~*x*}x'D") y
- (xj_'DU“’_("“)x*”‘””)y(”. (2.8)
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If we use (2.6) with p=j—1t,g=k—t we have for t=0,....k— 1
HOQ)= (1Y (k—)k —t4+ 1) (j—t—=1)y(0)
and thus, by (2.1)
(—1Y "% H"(0) >0, t=0,.,k—1. (2.9)
For t =k (2.8) gives H*¥(x) = x/ %y and again by (2.1),
(1Y *H®x)>0 for x>0. (2.10)

Inequalities (2.9), (2.10) imply that (—1Y"*H®(x)>0 on [0,L] for
t =0,..., k, which means by (2.8)

and (2.2) is proved.
To verify (2.3) we rewrite (2.2) as

O< (_l)j—k [x—(kff)y(l)](j*k)
- i—k i— k
(1Yt Y (f 1 )(—k+t)(—k+t—1)---
=0

Y (—k 4+ f—[4 1)y kHt-iyU+i-k=b
XA=K=1 { L)X B

=0 — = .

Multiplying by x(k — ¢ — 1)! we obtain

ik —k (t+j+k—0D
YR N (Y J ) Y .
=1y ,‘j_‘b( ) ( / x""“”/(k—!+l—l)! >0

which is exactly (2.3).

Remark. (1) Kiguradze assumed originally that y(x), y'(x),...,
y%*(x) > 0, which is indeed the natural thing to do in context of Eq. (1.1).
However only y(0), y'(0),...,y* "(0) >0 is really needed and y is not
necessarily positive. For example, y = x*? — x? satisfies (2.1) and (2.2) with
k=2, j=3 while y is not positive on (0, o0).
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(2) It is not necessary to utilize all the assumptions of (2.1). If, for
example, we use only

»(0), ¥ (0)..., y*1(0) > 0,
(~1Y K2y (x) = (1) % pP(x) > 0

that is, we replace & by k — 2, we obtain the additional inequalities

) p@ (J—k+2)
(—IY‘k(kaZ) >0, (=0,.,k-2 (2.11)

AN ExaMpPLE. Let F(x)=1/x [}/ (s)ds. If £ >0 for x>0 then also
F™>0,x>0.

Indeed nllt \J(Y\:(_]\" (X Ff(cYde Then viQ) =0 (—1yt it _ plm) N n
ittt NS AN J0J W) Wy AR J \v/ AN VA4 J e
and the result follows by (2 Dywithk=1,j=n+1

This example belongs naturally to the subject of convexity of order n. See
also [1].

The next theorem presents differential inequalities which correspond to
other sign patterns of the initial values.

THEOREM 2. If the function y satisfies

g, y'"0) >0, i=0,.,n—1,
g (2.12)
e, 7" (x)>=0 on |0,L],
(with ¢;= +1) then
EqTy 4Ty g MMy 20 (2.13)
where
1 :
n,:? if eg=¢, s
d , '
:_—d; l-f 81:_8t+l
Moreover, if 0 < k, < h, <k, <+ < h, <k, <h,, , are integers and
y(0) > 0, 0<igk, —1,
DR yP0) 20, A <i<k 1,
(2.15)

O () P R R R

>0
>0 on [0,L],

R

(_li)(hr+17’(r)+ e +(hl“kl)'y(hr+l)(‘x
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then

d \freo ke 1 1 d \"hp o
(—E) [xk,—h, [xkph2 (_ dx) [F]] ] >0 (2.16)

Jor every t=0,..,k,, 0 < xgL.

Proof. First we show that every set of conditions of the form (2.12) can
be reduced to the form (2.15) so that (2.13) will be concluded from (2.16).
Indeed, given a sequence ¢;, i =0, 1,..., we choose h, < k, < h,, , so that

€p, = Epprr = = Exps
— = "
gy =" Egpr = =(=1)"N gy
Ery = Emge1 T

Assuming without loss of generality that y(0) > 0 (¢, = 1), the corresponding
condition in (2.15) will be

(ﬁl)(hl”k””'*' . --+(ﬁz—f<|)y(f’(0) >0, hl Lig k[_ L.

In this case we have in (2.13) 7, -~ @, M, _, -+ W, = (—d/dx)"+1~Hamki=H
\ 2y ki'tki—1 T SRy

and those are exactly the corresponding terms in (2.16). Two cases deserve

some attention. If ¢,=—¢,=---=(~1)"¢,, ¢,=¢,,,, we choose k, =0,

hy=p and both (2.13) and (2.16) begin with n,_, --- 7,y = (—d/dx)’y. If

Ep 1 F €=+ =&, p<n, we choose h,=p, k,=h,, ,=n and both (2.13)

and (2.16) terminate with z,_, --- 7, = (1/x)"~”. Thus it is possible to put
(2.12) in the form (2.15) and to deduce (2.13) from (2.16). Moreover,
assumption (2.15) is more flexible than (2.12): in (2.15) it is not necessary
to know the signature of y(0) for i & [0, k,)\U [h,, k,)\U - and we only
require that the common sign of the y?(0) —s in the /th group (h, < i<
k,;— 1) differs from the sign of those in the (/ — 1)th group by (—1)*~*i,
where h, — k,_, is the length of the gap between the groups. Therefore, we
shall deal only with (2.15).

To keep the notation simple we shall prove the proposition only for r = 2;
the proof of the general case is similar. So, let p>g>r>5>0,

y”)(O);O, i=0,.,5— 1,

D" yP0) >0,  i=r.,q—1,

(_l)p—q+r—sy(p)(x)>O, on [O,L]. (2‘17)
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We shall prove that

1D—a
¥

rper B e L ) 30, o
(2.18)
on (0, L].
First, the function u = (—1)""%p'” satisfies u?(0) >0, i =0,....,q—r—1
and (—1)»"9u4» "(x)>0. Consequently, by Theoreml, (—1)"~¢
(u/x9")P=9 >0, that is,

y(r) (p—q)
(—1)yp-atr-s (—) >0 on (0O,L) (2.19)

x4

When s =0 (and ¢t=0), (2.18) is identical with (2.19) and the proof is
completed. When s > 0 we put

H(x)= (x"D?~9x"9)(x'D"*x"*)y=L,L,y
Then, by the lemma,

HY(x)=x"'(x'D")L,L,y=x 'L, L,(x'D")y

LY PO B oY Lk’ PVl AV SIS 5 Lot BVt B YW ST,

_ (xp—lD(p—t)—(q—t)x—(qvt))(xrftD(rfl)f(sft)xf(sur))y(t).

o~
PJ
(\®)
[am)
S’

and by (2.7),

H(')(0)= (_l)p—qw—s (q__ t)(q—-t+ 1)
X(p—t—1)(s—1)- (r—1t—1)y""(0).

Combhinino thic aauality with (2 17 we haye
Lombinin g tnis ¢ quait y wilh (Z£.1/) w€ have

(1Y =945 HO(0) > 0, t=0,.,s—1.

For t=5 we have by (220) H®(x)=x?"*(y"/x9 "}* @ so that
according to (2.19),

(1P H9(x)>0 on [0,L].

From the last inequalities it follows that (—1)”? 9*"* H*(x)>0 on [0, L|
for t=0,..,s and (2.18) follows if we substitute for H'” the explicit
expression which was obtained in (2.20). The proof of the general case
(2.15) is based on the same argument and it is completed by mathematical
induction.
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In (2.15), as in (2.1), we may disregard pairs of initial values to obtain
additional inequalities. For example, if 3" >0, i=0,..,q — 1, then (2.18)
still holds with O < s < r < g such that r — s is even.

The differential inequalities of the previous section can be reproduced
when the derivatives are replaced by the generalized derivatives

3:
o

6,(¥) =0y () J: pren [ [ M d a0

Note that
J' A (v — Fe PR
wWPl\X)= or g -,
(3.1
L,¢,(x)=1,
and L, ¢,(x)>0 on (a, o) for u <.
THEOREM 3. If the function y satisfies
Loy(@)ss Ly y(a) 20
(3.2)
(1Y% r YIS 0 A< v h
(1) \A}; » U5 A K0,

where J is a fixed integer, j > k, then

L,y, Lt¢ka'“9Lt¢j—I
; . >0, t=0,..,k (3.3)

Loyjcibs Loyji®iuss Lygjic®ioy

on la, b|. Equivalently,

W(hos @15s @1 13Vs 8 Ok 1en ;1) 20, 1=00 k. (3.4)

where W denotes the Wronskian determinant.

Proof. First we remark that (3.3) is a generalization of (2.2). Indeed, for
ordinary derivatives (p;, = 1) and a =0 we have ¢ (x}=x"/v! and (3.3) is

(Y% WAk = s X1 ( = 1= 1) p0) 2 0,
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By the identity

3
K
~
b
=

S—
i
~

—
<
~
i~
—
o~~~

2

n

~—

[14, 2], with r=x*"", I=j—k + 1 the last Wronskian equals
L (s Y B T e A

and so (3.3) implies (2.2). Nevertheless we think that the particular case
deserves a separate proof because of its own interesting features.

It is sufficient to prove (3.3) for t = 0. For 1 <t <k — 1 the result follows
by the same argument if we look at the conditions

L,y(@),... Ly_,y(a) >0, (_l)jWijJJ(x)>0

and consider them as generalized derivatives of the function L,y. For t =k
the determinant in (3.3) is identical with (—1)"*L,p by (3.1), so there is
nothing to prove.

In addition to the Wronskian W(y,,..y;)=det(yi* "), ,_i. . it is
convenient to introduce the generalized Wronskian W(y,---y;)=
det(L,_,»,) ;- Those two are related by

i A WY s Y1) (3.6)

Equation (3.6) is verified by expanding the terms L, ,y, and some row
operations. According to this notation, (3.3) (with ¢ = 0) is written as

rou=1,...,

1

W( P, s i) =phpt~

def =~
D(x) = W(ya ¢ka-“a ¢j71)>0' (37)
First we prove (3.7) under the more restrictive assumption
Loy@)=- =L, pa)y=0, (=1Y“L;y>0. (3.8)

If D(c)=0 for some c¢ > a, there exists a nontrivial linear combination
U= c(]y + cl¢k + e + Cj*k¢j~1 SUCh that

L,u(c)=0, t=0,..,j—k,

(3.9)
L,u(a)=0, t=0,..,k—1.

Apply Rolle’s theorem to the generalized derivatives Lgu,..., L;u. By the
J+ 1 boundary conditions (3.9) we obtain that if «#0 on (4, c) L;u must
change its sign there. This is impossible since L;u =c,L;y has a fixed sign
and so u = 0 on |a, c]. Hence, either D(x) =0 on [a, c| for some c,a <c < b
and D(x)+# 0 on (c, b] or D(x)+ 0 on (a, b]. In either case D(x) has a fixed
sign on |a, b].
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The sign of W( Vs @i 9;_ 1) is the same for every py which satisfies (3.8).
Otherwise, if W(y,, 6. w®i_y)s W(y2,¢k, ..#;_,) have opposite signs on
(a,b], then for some 0 <A< 1, WAy, + (1 —1)y,, b »@¢;_,) would
change its sign, which was shown above to be impossible. Hence it is
sufficient to show (3.7) for one function y which satisfies (3.8). We choose

y=(—1Y %4, and show that

W((=1Y "% 0)s Grsrs 0-1) = WP 851, 9;) > 0 (3.10)

on (a, b]. This inequality is well known; see [10, p. 279]. Nevertheless we
complete its proof here. By the above argument it is sufficient to show that
(3.10) holds in a right neighborhood of x = a. Now, for values of x close to
a,

Lg,=(x—a) " [(—u)p,. (@) p(@)] " [1+0(1)],

SO

W(Byr.s 8;) = A det((x —a)* " */(k + v =), ,—q... ;a1 +0(1)]

where A > 0 and we agree that 1/m! =0 for a pegative integer m. The last
determinant is exactly W((x —a)*/k!...., (x —a)’/j!) and by (3.5) we obtain
immediately that

W(Bisens 0) = Blx —a) =V [1 + 0(1)]

with B > 0. This establishes (3.10) in a right neighborhood of a and (3.7) is
proved under the assumption (3.8).

If Lyy(@),..L, ,y(@)>0 then u=y— Y L, y(a)g; satisfies (3.8),
hence W(u, g, ... ¢;,_,) = 0. To prove

i AN
koen @5_1) 20

=S

WYy Grrens 9y 1) = Wty s 0, 1) + 2 Ly y(a) W9,

we need only to show that

W(¢i:¢ks---a ¢j-l)>0 on (aab]' (311)
This known inequality follows again as (3.10). Indeed, if W(@,,d,.....
¢,_,)(c) =0, then there exists u =c,0;, + ¢, 9, + --- + ¢;_;¢;_, such that
Lu(e)=0, t=0,.,j—k

Lu(a)=0, t=0,..,i—1,i+ 1., k-1

By these j boundary conditions it foliows that L; % must change its sign in
(a,c), in contradiction with L; ,u=c; ,. The sign of our determinant is
determined by W(g;, ¢y, 8;_1) = B(x —a)' **"PU=R [1 4 o(1)], B> 0.
This completes the proof of (3.3).



INEQUALITY OF KIGURADZE 287

Recalling (3.6), we see that instead of (3.4) we may prove

7

W(@gswns B 13 Ys Opoeens 9;_1) 2 0, t=0,..., k.
But by (3.1), this determinant is identical with the determinant in (3.3); thus
(3.4) is proved too.

Remarks. (3) A careful review of the proof of Theorem 1 shows that
we use implicitly the identity

(DD~ *x =¥y y = x/*D7y, (D:—-;)-C—). (3.12)

/

An analogous proof of Theorem 3 may be given if (3.12) is replaced by the
Frobenius—Polya factorization of the disconjugate operator L,

W, w3 w? w? 1
Liy=—H- D11 .. 2 p_2D_—y,

J

with W;= W(y,,...,»;) and the solutions y,,...,y; of L;y =0 are choosen as
Brsenes Bj 15 Bgs Oy seees @4, IN Lhis order.
(4) Theorem 2 may be generalized too. If, for example

L,y(a)>0, i=0,.5—1
(D" L;y(@)20, i=r.,qg—1, (3.13)
(1P~ Loy(x) >0, on |ab],

S L r<q<p, then
W@ ses O 13 Vs Pgaees Br_ 15 Bgrres 0, 1) 20, t=0,..s, (3.14)
on {a, b]. The proof is similar to that of Thorem 3.
AN ExAamMpPLE. For j=k+ 1, (3.3) is

ILz.V Lr¢k

=0, t=0,..,k. (3.15)
L.,y L, ¢ ~

This is equivalent to each of the inequalities

(L,y \'<O
\L,g,) <%

L,y < L,y
~ H
L, ¢ Lo

(3.16)

409/97/1-19



288 URI ELIAS

which are the analogous of (2.4), (2.5). This is the direct generalization of
the inequalities of Kiguradze and in the next theorem we suggest a simple
application.
In Theorem 6 of [4] we proved that if the equation
Y +px)y=0
is disconjugate on (a, o0), so is the mth order equation, 2 < m < n,

u™ 4 [(m—~ 1D/ (n—1)](x~-a)""px)u=0.

In fact, in [4] m!/n! appears instead of (m — 1)!/(n — 1)!, but the bigger
constant is obtained without any change of the proof. For m =2, see [8].
This result may be immediately generalized by using (3.16). Recall the

definition

Sewaaiiava\Uar

Loy=pyy, Liy=pdALi_ 1)),
that is,
L,y=pu(---(0r(pe¥)) )",
and define the mth order (2 < m < n) operator M,, by
Mou=p,_nu,
Mu=p, ,. .M, u), i=1,..,m,

that is
Mmu :pn("'(pn~m+l(pn7mu),) )’

THEOREM 4. Suppose that
o0
[ pitdx=c0, i=0.n—L (3.17)
If
L,y+px)y=0 (3.18)
is disconjugate on (a, o), so is the mth order equation (2 < m < n)
| ¢n— 1(x) pn’m(x)
Ln fm¢n - l(x)
Proof. The proof is identical with that of [2], except the modifications of
the inequalities of Kiguradze. First, by (3.17), disconjugacy and disfocality

are equivalent for equations (3.18), (3.19) [3]. It suffices to prove that (3.19)
is (g, m — q)-disfocal on (a, o) for every ¢q, 1<g<m—1, such that

M, u+ p(x); u=0. (3.19)
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(—=1)Y"~7 p(x) < 0. Let g be such an integer. Since (3.18) is disconjugate on
(a, ), it is (n — m + q, m — q)-disfocal and it has {3, Lemma 3] a solution y
such that
L;y >0, i=0,.,n—m+gq,
(—1y-rmmra Ly >0, j=n—m+qg+1l,..,n x>a.

Putu=p ' L, .v=(L,_ ,_,»). Then

- " —n—

M,-u > 0, = 09---’ q,
_ (3.20)
(1Y *Mu>0, j=q+ l,..,m, x>a.
Moreover,

Mmu/u:pn—any/Ln—my:—ppn-my/Ln—my' (3'21)

Applying (3.16) with k=n—m +q and t=0,...,n —m — 1, we have

L L

Oy > _ O¢n—m+q (322)

L, .y~ L

nfm¢n—m+q

If we take in Theorem 3, y=—¢, , k=n—m+gq, j=k+1, we obtain
from (3.15) for t =0,..,n —m — 1 (here L;y <0!)

L0¢n—m+q > L0¢n—l
=
Ln—m¢n—m+q Ln—m¢n—l

]

(—1)m- [Mmu + p(x) ¢"L‘ 'ﬁ(x)gs”"—z"g) u] >0, x>a (3.24)

In Theorem 3 of [3] we proved that inequalities (3.20), (3.24) with ordinary
derivatives imply the (g, m — g)-disfocality of the appropriate equation. The
same is true when the derivatives are replaced by generalized derivatives.
Thus (3.19) is (g, m — g)-disfocal and Theorem 4 is proved.

Note that if we put in the last proof k=n—m + g and skip inequality
(3.23), we obtain a better result about disfocality:
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THeEOREM 5. If L,y +p(x)y=0 is (k, n— k)disfocal on (a,b) and
m < n then

M+ et i) —o

is (m —n+ k, n — k)-disfocal on (a, b).

EXAMPLE.‘ If the nth order equation
(x - (x(xp)) ) +px)y =0,

where p(x) is one signed, is disconju
equation, 2 < m < n,

m—1)!
(x - (elau)')’ ) ((n_ 1)). (log x)" " px)u =0
Here, ¢,_,(x) = (log x)"~'/(n— 1)! x
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