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Abstract. Many structural properties of a finite group G are encoded in the
set of irreducible character degrees of G . This is the set of (distinct) values
appearing in the “first” column of the character table of G . In the current
article, we study groups whose character table has a “non-first” column satisfying one particular condition. Namely, we describe groups having a nonidentity
element on which all nonlinear irreducible characters take the same value.

As many results in the literature show, the structure of a finite group G is deeply
reflected and influenced by certain arithmetical properties of the set of irreducible
character degrees of G . This is in fact the set of (distinct) values which the irreducible characters of G take on the identity element. Our aim in this note is
to describe groups having a nonidentity element on which all nonlinear irreducible
characters take the same value, although in the Theorem below we shall consider a
situation which is (in principle, and from one point of view) more general. Therefore, our results can be compared with studies on finite groups whose nonlinear
irreducible characters have all the same degree (see for instance [3, Chapter 12],
and [1]).
In what follows, every group is tacitly assumed to be finite. We shall denote by
Lin(G) the set of linear characters of the group G ; also, if g is an element of G ,
the symbol g G will denote the conjugacy class of g .
Theorem. Let G be a group with centre Z , and let g be a nonidentity element
of the derived subgroup G0 . Assume that all the values of the nonlinear irreducible
characters of G on g are rational and negative. Then g G = G0 \ {1} (so that G0
is an elementary abelian minimal normal subgroup of G , say of order pn for a
suitable prime p ), and one of the following holds.
(a) G is a direct product of a 2-group with an abelian group, and G0 = hgi has
order 2 (whence it lies in Z ).
(b) G0 ∩ Z = 1 , and G/Z is a Frobenius group with elementary abelian kernel
G0 Z/Z of order pn > 2 and cyclic complement of order pn − 1 .
Conversely, we have the following.
(a 0 ) Let G be a group as in (a). Then G has exactly |Z|/2 nonlinear irreducible
characters, all of the same degree d . Here d2 = |G : Z|, so d is a power of 2
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different from 1. Also, every nonlinear irreducible character of G takes value
−d on the nonidentity element of G0 .
0
(b ) Let G be a group as in (b). Then G has exactly |Z| nonlinear irreducible
characters, all of the same degree d = |G : G0 Z| = pn − 1 . Also, every nonlinear irreducible character of G takes value −1 on every nonidentity element
of G0 .
It may be worth stressing that, assuming the hypotheses of the Theorem, the
values which the nonlinear irreducible characters of G take on g turn out to be the
same value v , and we have v = −2s for some s ≥ 0 . Moreover, G is of type (a)
precisely when s 6= 0, whereas it is of type (b) precisely when s = 0 .
As an immediate consequence of the Theorem, we obtain the following.
Corollary. Let G be a nonabelian group, and g a nonidentity element of G such
that every nonlinear irreducible character of G takes the same value v on g . Then
either v = 0, which occurs if and only if g does not lie in the derived subgroup G0 ,
or g G = G0 \ {1}, and G is as in (a) or (b) of the Theorem.
We present next a proof of the main result of this note.
Proof of the Theorem. By the second orthogonality relation ([3, 2.18]), we get
X
X
0=
χ(g)χ(1) = |G : G0 | +
χ(g)χ(1).
χ∈Irr(G)

χ∈Irr(G)\Lin(G)

Suppose now that there exists y ∈ G0 \ {1} which is not conjugate to g . Then, as
above,
X
X
0=
χ(y)χ(g) = |G : G0 | +
χ(y)χ(g).
χ∈Irr(G)

χ∈Irr(G)\Lin(G)

Let us define
Γ :=

X

−χ(g) χ.

χ∈Irr(G)\Lin(G)

As the −χ(g) are positive integers, Γ is a character of G .
The two equations above imply Γ(y) = Γ(1) . Thus y lies in ker Γ , which is given
T
by {ker χ | χ ∈ Irr(G) \ Lin(G)}. On the other hand y is in G0 , so it lies in the
kernel of every linear character of G as well. Since the intersection of all the kernels
of irreducible characters of a finite group is trivial, this yields a contradiction.
The conclusion so far is that G0 \ {1} is in fact a conjugacy class, and now G0 is
a minimal normal subgroup of G in which all nonidentity elements have the same
order. Therefore G0 is an elementary abelian p -group for some prime p , say of
order pn . It is clear that either G0 ≤ Z , or G0 ∩ Z = 1 .
If G0 lies in Z , then G is nilpotent (of class 2). Also, as |G0 | is forced to be 2 ,
all the Sylow subgroups of G are abelian except the Sylow 2 -subgroup. In other
words, G is as in (a) of the statement. It is well known that a group of this type
satisfies the properties listed in (a 0 ) (see for example 7.5 and 7.6(a) in [2]).
In the case G0 ∩ Z = 1, we use an argument as in [1, Theorem 1]. Namely, there
exist a prime q 6= p and a Sylow q -subgroup of G (call it Q) such that Q does not
centralize G0 . In particular Q is not normal, so T := NG (Q) is a proper subgroup
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of G . An application of the Frattini argument yields now G = T G0 and, as G0 is
abelian, we see that T ∩ G0 is a normal subgroup of G . By the minimality of G0 ,
being T a proper subgroup of G , we get T ∩ G0 = 1 . It follows that T is abelian,
whence CT (G0 ) = Z . Now, G0 can be viewed as a faithful simple module for T /Z
over the prime field GF (p) (the action being defined by conjugation); the fact that
there exists such a module for T /Z implies that T /Z is cyclic. The order of T /Z
equals the length of an orbit in G0 \ {1} , that is pn − 1 . It is now clear that G is
a group of the type described in (b) of the statement.
It remains to show that every group as in (b) satisfies the properties listed in (b 0 )
of the statement. Let us consider the abelian normal subgroup A := Z × G0 of G ,
whose irreducible characters are of the form λ×µ for λ in Irr(Z) and µ in Irr(G0 ) .
Since G acts transitively on the elements of G0 \ {1} , it acts transitively on the set
of nonprincipal irreducible characters of G0 as well (see [2, 18.5(c)]). Thus, fixed
µ̄ 6= 1G0 in Irr(G0 ), we get IG (λ × µ̄) = A for all λ in Irr(Z) . We conclude that the
map λ 7→ χλ := (λ × µ̄)↑G , defined on Irr(Z) , has image in Irr(G) \ Lin(G) ; taking
into account that all the χλ have the same degree d = pn − 1 , it is easy to check
that such map is indeed a bijection. This tells us that all the nonlinear irreducible
characters of G have the same degree pn −1 ; moreover, we get χλ↓G0 = %G0 −1G0 for
all λ in Irr(Z) (here %G0 denotes the regular character of G0 ), whence χλ (g) = −1
for all g in G0 \ {1}.
As for the Corollary, let us consider first the case in which the element g is not
in G0 . Then there exists a linear character σ of G such that σ(g) 6= 1 . Now, if χ
is in Irr(G) \ Lin(G), our assumption implies (σχ)(g) = χ(g) , which forces χ(g) to
be 0.
We shall henceforth assume that g lies in G0 . The second orthogonality relation
yields
X
X
0=
χ(g)χ(1) = |G : G0 | + v
χ(1),
χ∈Irr(G)

χ∈Irr(G)\Lin(G)

so v is a negative rational number (note that this proves χ(g) 6= 0 ). We are now
in a position to apply the Theorem, and the claim follows.
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